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1 Introduction 

This note contributes to a circle of ideas that we have been developing recently 
in which we view certain abstract operator algebras, which we call Hardy alge- 
bras, and which are noncommutative generalizations of classical as spaces 
of functions defined on their spaces of representations [HI [121 SSI SI]- This 
perspective leads to a number of pleasant formulas that are very reminiscent 
of formulas from complex function theory on the unit disc. More important, 
however, they help to reveal structural properties of the algebras and they help 
to clarify the interplay among various constructs that are at work in their anal- 
ysis. Even in the classical setting of complex functions of one variable, insight 
is sometimes gained by viewing classical H°° as a space of functions on its 
space of representations, which are parameterized, essentially, by all the com- 
pletely non-unitary contractions. Another source of motivation is the work of 
Popescu, Davidson and Pitts, and others who have done extensive work on free 
semigoup algebrasQ Indeed, many of the results that we prove here have been 
been anticipated in this work. What is novel about our approach, however. 
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is the systematic use of "duality of correspondences" to put into evidence the 
effectiveness of viewing elements of our Hardy algebras as functions on operator 
discs. When this is done, proofs in the free semigroup picture often become 
simpler, shorter and more perspicuous. And they extend to a wide variety of 
additional situations in the literature that are of interest. 

In the next section, we introduce the basic players in our theory: a W*- 
algebra M, a Vl^*-correspondence E over M and the Hardy algebra they gener- 
ate: H°°{E). We then describe how a normal representation a : M ^ B{Hcr) 
gives rise to a "dual" correspondence, denoted E"' and we describe how elements 
of H°° (E) may be reaHzed as functions defined on the unit ball of the space of 
adjoints of E"^ , 'S]){{E'^)*). In Section 3, we define a generalization of the Pois- 
son kernel, which "reproduces" the values on D((i?°')*) of the "functions" coming 
from H°°{E). When M = E = C and a is the one dimensional representation 
of M, then H°°{E) is classical realized as analytic Toeplitz operators, and 
our Poisson kernel is easily seen to be the classical Poison kernel formulated in 
terms of operators on Hilbert space. Our representation theorems. Theorems [T2l 
and [14] are easily seen to be natural generalizations of the Poisson integral for- 
muala. They also are easily seen to be generalizations of formulas that Popescu 
developed in [15] and elsewhere, and they are closely related to formulas that 
Arveson developed in [2j. In the fourth section, we relate our Poisson kernel to 
the idea of a characteristic operator function and show how the Poisson kernel 
identifies the "model space" for the canonical model that can be attached to a 
point in the disc lSi{{E")*) - a structure we developed in [12]. We were inspired 
here by [17] and other results from literature. In the next section. Section 5, 
we consider a Poisson kernel on the unit ball of E, J])[E). Owing to our duality 
theorem |lll Theorem 3.9], one can think of this ball as the place to evaluate 
elements in H°°(E"), but in addition, it captures ideas about "(left) point eval- 
uations" that appear in the systems theory literature, cf. [Tj. Finally, in Section 
6, we connect our Poission kernel to the idea of curvature and complement re- 
sults that we proved in [9j. Again, our analysis extends parts of the theory of 
curvature for not-necessarily-commuting row contractions that was developed 
by Popescu in [16]. His work, in turn, was based on investigations by Arveson [2j 
in which he introduced a notion of curvature to study properties of commuting 
row contractions. 

2 Preliminaries 

We recall a few key ideas from [11] and we refer to that paper for further 
discussion and references about the setup with which we will be working here. 
Throughout this note M will be a fixed Vl^*-algebra. We also fix a VF* -correspon- 
dence E over M. This means that i? is a self-dual Hilbert C*-module over M 
and that there is a normal homomorphism from M into the VF*-algebra of 
all continuous module maps on E, C{E), giving E an action of M that makes 
E a bimodule over M. We shall form the (balanced) tensor powers of E, E®"^ , 
which are all Ty*-correspondences over M, and we shall denote the left action 
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of M on E®^ by ipn- It is defined by the formula 

Vn(a)(^i ® 6 ® = {^{a)£.i) «) (^2 ® ■ ■ ■ ® 

We shall write = M, viewed as a bimodule over itself, so in particular, 
(^o(a)^ = a^. The direct sum ® © E®"^ ® ■ • ■ is a iy*-correspondence 
over M in an obvious and natural way, which we shall denote by J-{E) and call 
the Fock space over E. The left action of M on J^{E) is the sum of the Lpn and 
will be denoted ip oo- Thus, for a G M, 

ipoo{a) = diag(.^o(a), </5i(a), ^2(0), • ■ ■)> 

when we view operators as matrices on J-{E) as we shall. An element ^ G -E 
defines a creation operator on !F{E) via the formula T^Ty = ® rj. This 
operator is bounded, with adjoint given by the formula T^(C,®ri) = foo{{i, C))v- 
Matricially, has a form of an operator- valued weighted shift: 
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where maps £;'^("~i) into E®^ by tensoring with ^. The ultraweakly closed 
subalgebra of C{J^{E)) generated by the Tj, ^ & E, and the (/5oo(a), a G Af , is 
called the Hardy algebra of i? and is denoted H°°{E). Numerous examples of 
Hardy algebras may be found in the literature that we cite, and elsewhere, so 
we won't go into detail here. However, we do want to point out that when 
M ~ E = C, the complex numbers, then H°°{E) is the classical Hardy space of 
bounded analytic functions on the open unit disc, H°°, realized as the algebra 
of all (bounded) analytic Toeplitz operators on the space i?^(Z+). Hence the 
terminology. 

A fundamental feature of our theory is that the ultraweakly continuous com- 
pletely contractive representations oiH°°{E) can be parametrized by the normal 
representations of AI and certain contraction operators in a fashion that we want 
to describe in some detail. Let a : AI ^ B{H) be a normal representation of 
M on a Hilbert space H. Then a induces a normal representation of C{E) 
on E H, defined via the formula (j^{X) = X ® Ih ■ In fact, is called the 
induced representation of C{E) determined by cr, and we refer to p!8| for a dis- 
cussion of the general theory. If we form oip we obtain a new representation 
of M that we denote simply hy ip(E) I and refer to as the induced representation 
of M determined by a (and E). Suppose that T is an operator from Ei^a- H to 
H of norm at most one that intertwines the induced representation of M and 
CT, i.e., suppose 

T(^(a) ® Ih) = a{a)T (1) 
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for all a € M, then T determines an ultraweakly continuous, completely con- 
tractive bimodule map T from E to B(H) via the formula 

f{i)h^T{i®h), (2) 

^ G E and h G H. That is, T : E ^ B(H) is completely contractive, where E 
is regarded as an operator space in the operator space structure it inherits as 
a subspace of its linking algebra [6l Page 398], and is continuous with respect 
to the natural so-called cr-topology of [4| and the ultraweak topology on B{H). 
The bimodule property refers to the equation T((p{a)^b) = a{a)T{£)a{h), which 
is satisfied for all a,b G M and ^ G -E. We call the pair {T,a) an (ultraweakly 
continuous completely contractive) covariant representation of E (and M) on 
H. Conversely, given such a representation of E and M on a Hilbert space H, 
{S, (t), the formula 

Si^^h) ~ SiOh, (3) 

S,® h G E ®„ H defines an operator of norm at most 1 from E ®„ H io H that 
satisfies equation JT]). We denote this operator by S, i.e., S{tf(a) ®Ih) — o'{a)S 

for all a G M. Clearly, we have T — T and T — T . 

The key point is that each ultraweakly continuous, completely contractive 
representation p, say, of H°°{E) on a Hilbert space H determines a completely 
contractive covariant representation of E and M on H through the formulas 

cr(a) = p((y3oo(a)) 

and 

and conversely, (almost) every completely contractive covariant representation 
{T,a) "integrates" to an ultraweakly continuous, completely contractive repre- 
sentation p through these formulas. We say "almost" because while every (T, a) 
"integrates" to a norm-continuous, completely contractive representation p of 
the norm-closed algebra generated by {T^}^^e and Lpoo{M), which we denote 
by T+{E) and call the tensor algebra of the correspondence, the representation 
p need not extend all the way to H°°{E). (We will say more about this in a 
moment.) We write a xT for the representation determined by (T,a) on the 
norm-closed algebra whether or not it extends to H°"{E% \i \\f\\ < 1, then 
a X T does extend to an ultraweakly continuous, completely contractive rep- 
resentation of H°° [m Corollary 2.14]. Thus we can say that once a normal 
representation tr of M on 77 is given, then there is a bijective correspondence 
between the strictly contractive intertwiners of a and ip(®I and the ultraweakly 
continuous, completely contractive representations p of H°°{E) on H such that 
p o {ipoc ® Ih) = cr and such that ||p(r^)|| < c||^|| for all ^ & E, where c is a 
prescribed constant less than 1. This observation suggests that we may adopt 
the perspective of viewing elements of H°° (E) as functions on the space of (ul- 
traweakly continuous, completely contractive) representations of H°°(E) in a 

^In some of our papers, we have written "T x cr"instead of "ct x T". We apologize for any 
confusion this may create. 
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concrete and transparent fashion. This suggestion was the principal point of 
and has been the focus of much of our subsequent work. To help explain 
further the functional perspective initiated in [ll], we require the following def- 
inition. 

Definition 1 If a : M ^ B{H) is a normal representation of M on the Hilhert 
space H , then we define E" to he the space of hounded operators rj : H ^ E^aH 
with the property that rja{a) = (93(0) ® Ih)"!] for all a G M . We call E" the a- 
dual of E. We write Y!i{E") for the open unit hall in E"^ . 

Evidently, the elements of i?°'are precisely the adjoints of the space of oper- 
ators that satisfy equation (HJ. Suppose 77 £ fSi{E"') is given. Then 77* satisfies 
equation |(T]) and determines an ultraweakly, completely contractive covariant 
representation (r]*,a) of E on H. Further, with the aid of [TT| Corollary 2.14], 
the formulas 

fooia) cr{a) 

and 

extend to give an ultraweakly continuous, completely contractive representation 
cj X rf of H°°{E) onH. On elements of the form (T^^ ®Ih){T^^®Ih) ■ ■ ■ (T^^ (g) 
Ih) = (^4i«){2® - 5 ® '^■f^)' ^'^^ example, cr x 77* is given by the formula 

a X V*iT^^^^^^...^^^lH)=V*{^i)rf{^2)---V*{U- (4) 
Following [12], we introduce the following terminology. 
Definition 2 For 77 e BiE") and for X e H°^{E), we define 

X{rj*)--^cTXrfiX). (5) 

The resulting function X : D(£''^)* B{H) is called the Fourier transform of 
X. 

Perhaps the term "Z-transform^' is preferable^to "Fourier transform", but 
both conjure up formulas such as XY{r]*) — X{ri*)Y{T]*) that are clearly evident 
from 

Remark 3 Suppose M = E = <C and that H also is C. Then of course a can 
only he the identity representation of M — C on H , E"' also may he identified 
with C. /77 this situation, then, D{E"') is just the open unit disc D in the complex 
plane. The Fourier transform takes an X in H°°{E), which by our definition is 
an infinite, lower-triangular, Toeplitz matrix on £^(Z+) 
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that represents a bounded operator, to a function from D to operators on H = C, 
i.e., to numbers. To compute them, simply note that for 77 € D, 77* is just the 
complex conjugate ofrj, rj, and equation implies that X{ri*) is nothing but 
multiplication by the complex number J^'kLo '^kV^ '^^ '-^v for c e C, X{rj* )c = 
{Yl^=oO'kTt)c- It is clear in this example, that for no rj on the boundary of H) 
does a X rj* extend to an ultraweakly continuous representation of [E) . If, 
next, H = C", and again if a{a)^ = a^, for a E M = C, then E'^ may be viewed 
as the n X n matrices over C, and I}{E'^) consists of all those nxn matrices of 
norm less than 1. IfT is such a matrix, then X{T*) is the operator on H = C" 
given by a similar formula: 

oc 

XiT^^^CEakT*")^. (6) 

k=Q 

It is clear in this case, that for \\T\\ = 1, a x T* extends to an ultraweakly 
continuous representation of II°°{E) on H if and only if the spectral radius of 
T is less than one. Finally, if H is an infinite dimensional Hilbert space, so 
that a{a)^ = a^, as before, then E" may be identified with B{H) and D(£'°') 
may be viewed as the collection of all operators on H of norm less than one. In 
this case, X{T*) again is given by the formula ([^. Now, however, the T 's of 
norm one for which a xT* extends to an ultraweakly continuous representation 
of H°°{E) are precisely those whose minimal unitary dilations are absolutely 
continuous with respect to Lebesgue measure on the circle. Such a contraction 
splits into a completely non-unitary contraction and an absolutely continuous 
unitary operator. The value of X{T*) for such a T is given by the Sz.-Nagy 
- Foiag functional calculus. In fill Section 7] we showed, in general, that if 
T] S B){E'^) is such that rj* is "completely noncoisometric", then a x rj* extends 
to an ultraweakly continuous representation of H°°{E). Beyond this, it is a 
mystery to us about how to identify points rj on the boundary o/D(_E'^) in general 
such that a xrj* extends to an ultraweakly continuous representation of H°°{E). 

The reason we focus on E"' rather than on the space of its adjoints, {E")*, at 
least for some purposes, is that E'^ is a T^* -correspondence over the commutant 
of (j{M), a{My . The point to keep in mind is that the commutant of a^{C{E)) 
is Ie (E) a{M)' [m Theorem 6.23], and so becomes a bimodule over o-(M)' 
according to the formula 

a ■ rj ■ b := (Ie a,)r]b, 

a,b & a{M)' , ^ £ E'^ . The (T(Af)'-valued inner product on E"^ is given simply 
by operator multiplication: 

{v,0 ■■= v*C, 

?7, C £ E"^ ■ For more details about the structure of i?"' and examples, see Sections 
3 and 4 of [U]. 

One of the important points for us in this note is that for the representa- 
tions p of H°° (E) that we defined in [7] and called induced representations, the 
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commutant of p{H°°{E)) can be expressed in terms of induced representations 
of H°°{E''). 

Definition 4 Let a : M B{H) be a normal representation of M on a Hilhert 
space H and form the Hilhert space J-{E) ®„ H . The induced covariant rep- 
resentation of E determined by a is the representation (V, (poo ^ Ih) where 
V : E ^ B{T{E) ®o- H) is defined by the equation 

V{^){Tj(E)h) := 77)0/1, 

£, G E, and t] ^ h € ^{E) gJcr H. The integrated form of {V, (poo Ih), {foo ® 
Ih) X V, is called the representation of II°°(E) induced by a. We shall usually 
write cr-^*^-^^ for {^oo®Ih) x V , and most frequently, we will simply write X^Ih 

for X e h-^Ie). 

The map V is essentially the map defining the tensor powers of E and the 
associated map V : E®{T{E)(i)H) J^{E)®H appears to be just the identity 
map embedding YlV=i (E'^'^ H) into T{E) ®^ H. However, it is a bit more 
compHcated. There is a shift involved, as we shall see later in equation (|24l) and 
subsequent analysis. 

Observe that if 77 G E"^, then for each fc > 0, rj may be viewed as a 
map from (g)^ H to iJ^C^+i) ig)^ H. Further, due to the balanced nature of 
the tensor products, 

{Ies," ®v)(.Vk{a) ®Ih) = (v'fc+ila) ®Ih)(.Ie<i"' ®v)- (7) 

Consequently, we may define a map U : J-{E'^) ®^ H ^ ^{E) ®a H, where i 
denotes the identity representation of a{M)' in B{H), so that on elements of 
the form rii ® ri2 ® ■ ■ • rjn ® h ^ !F{E") ®t -ff, U is given by the formula 

U{rii®ri2 ®---rin®h) = {Iew^-i) ® iii){Ie»(^-^} 'X)??2) • ■ ■ {Ie ®r]n-i)rinh. (8) 

In [12], we called U the (inverse) Fourier transform mapping T{E'^) H to 
J^{E) ®cr H determined by E and a. It plays a fundamental role in our theory, 
as demonstrated by the following theorem, which is a restatement of parts of 
Lemma 3.8 and Theorem 3.9 of 

Theorem 5 Let a : M B{H) be a faithful normal representation of M on 
the Hubert space H . Then the inverse Fourier transform U : J-{E") ®i H ^ 
J-{E) ®cr H is a Hubert space isomorphism such that the map 

X ^Ui^^^''\x)U* (9) 

from H°°{E°') to B{T{E) ®„ H) is an ultraweakly homeomorphic, completely 
isometric isomorphism from H°°{E") onto the commutant of (j-'^'^^\H°°{E)). 
Likewise, the map 

X ^U*a^^'^\X)U (10) 

is an ultraweakly continuous, completely isometric isomorphism from H°°{E) 
onto the commutant of l^'^'^'">{H°°{E'=')). 
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There is a formula for U~^, but it is somewhat involved, as may be seen 
from the proof of |1H Corollary 3.10] and one of our goals is to circumvent it in 
calculations. Consequently, we shall not develop it here. ^ 

The thrust of Proposition 5.1 of [llj is that one can also express X{'i]*) in 
terms of the map defined by equation (flOl) and a "Cauchy" kernel expressed 
in terms of ry that we define as follows. Write : H i;®" H for the 
operator given by the formula: 

77^") = (g) 77)(/e«(„-2) (g) ?7) • • • (/b 77)77, (11) 

and write 7?'-°^ = Ih- Clearly we have the recursive relation: 

ry("+i) = {Ie (g 77^") )ry = ® vW"'^ , (12) 

which is a consequence of the formulas first proved in [7J Lemmas 2.1 and 2.2]. 

Definition 6 The Cauchy kernel defined by an element rj e D(i?'^), C'^rj), is 
the operator from H to J'{E) H given by the equation 

C(77) := [ 77(0), 7?W, 7y(2), ■■■]'. 

Observe that when the norm of ry is less than 1, C{r/) is bounded with norm 
at most . For rj of norm 1, C(77) may not make sense as a bounded operator 

on H. Indeed, it is possible that C{r])h makes sense only when h — 0. Observe, 
too, that from the definition of (fTTj) and equation ^ , we see immediately 

that C{r]) is an element oiT{E)"' when rj £ ^{E'^). The following proposition is 
a restatement of Proposition 5.1 of [11]. It is the starting point of our analysis. 

Proposition 7 Let a : M ^ B{H) be a normal representation of M on a 
Hubert space H and let 77 G D(i?) be given. Further, let p be the representation 
of H°^{E) on J-{E") ®L H defined by equation ilO]} and let lh be the embedding 
of H in J-{E") ®t H as the zeroth summand. Then 

3 The Poisson Kernel 

We continue with the notation established above and let i? be a fixed W*- 
correspondence over a von Neumann algebra M and we let cr be a normal 
representation on a Hilbert space H. 

Definition 8 For 77 in the closed disc I}{E'^), we write A*(7y) := {Ih — ifrf}^ 
and we define the Poisson kernel, K{r]), by the formula, 

i^(77) = (/^(S)®A47y))C(7?) = (/^(B)^A,(77))[ r;(0), t^W, 77(2)^ ...]T^ 
mapping H to J-{E) ®a H . 
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Remark 9 We note first that while C{r]) does not in general make sense as a 
bounded operator for rj 's with norm one, we shall see in a minute that K{r]) does. 
We note, too, that A* (77) commutes with a{M) and so Ij^(e) ® ^*{ri) commutes 
with a^'^^\H^{E)) = {X (»Ih \ X e H^{E)}. Consequently, like the Cauchy 
kernel, C{ri), the Poisson kernel K{r]) lies in J-{EY . It will he useful to recall 
that !F{EY is a W* -correspondence over a{My . Since the action of a{M)' 
on H is given by the identity representation l, we shall denote the left action 
of a{M)' on !F{EY by ^00, l to distinguish it from Lpoo- Likewise, we write ip^ 
and ipk,L to distinguish between the representations induced from a and those 
induced from l. So for c e a{M)' and rj G T{EY , </?oo,t(c)?7 = j^{e) ® 
In particular, we may write K{rj) = (poo,L{^*{v))C-iv)- The inner product on 
T{EY is simply {X,Y) = X*Y. So, for a G cr(M)' and ??, C e B{E'^), 

k k 

where 0,^^Q{a) = {r],ip,{a)C). 

Proposition 10 For all rj G D{E'^), K{r]) is a contraction mapping H to 
J-{E) H . If \\ri\\ < 1, then K{r]) is an isometry. 

Proof. 

n 

iV 

= lim y 77(")*r,(") - 77("+i)*r,("+i) = Iff - lim rj<-^+^>rj^^+^l (13) 

iV— *oo — ^ A/"— *oo 

The passage from the third Hne to the fourth is a consequence of equation 
[121 Also, by [12] and the fact that the norm of 77 is at most one, the sequence 
{7y(-'v+i)*j^(JV+i)|^^^ jg ^ decreasing sequence of contractions on H. Therefore 
the sequence {/^ — 7^(^'+i)*7y(^+i)} converges strongly to a contraction on H. 
The limit is Ih if 77 is a strict contraction. ■ 

The following lemma shows that the values of the Poisson kernel are "op- 
erator eigenvectors" for the adjoints of the creation operators. The "operator 
eigenvalue" for I determined by G D{E'^) is f]*{^)*. 

Lemma 11 For all ^ E E and all r] eB{E''), 

{Tl®I)K{^)=K{i^)r{iY- 

Proof. Since ||7y|| < 1, the operator on H, A, (77), is invertible. Also, I ® A^{i]) 
commutes with (T^ ®/)* so it suffices to prove that rfiOCivT = C{7jym(»I) 
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as operators from J^{E) (gj^ H to H . To prove equality, it suffices to evaluate 
both sides on an element of the form C ^ h G iS®" (g) H. By definition of C(r]) 
and the formula (flTI) . 

C(??)*(C®/i) =r?("^*(C®/^) 

= V* {Ie ^t])* ■■■ ® ?7)*(C /i). 

Consequently, 

= 77*(C ® (r7*(/£; 7?)* • • • {lE»(r.-i) r?)*(C /i)) 

= ?7*(-^B ??)*•• • (/_B»(.>~i) riYilE®^ C ^) 

= C(7?)*(^0 77 0/l) 

= c(77)*(r^ 0/)(C0/i). 

■ 

Theorem 12 For a// 77 G n{E'') and all X e H°^{E), 

K{ri)X{ri*y = [X* (r,) (14) 

and 

X{r]*)^K{i^y{X®I)K{j^). (15) 

Proof. Remark [9] and Proposition [iT] show that formula lfT4l) holds for all 
X of the form X ^ and X = ipoo{a), ^ <E E and a e M. (Note that 
'7*(0 = ^5 ('?*))■ Further these two results show that the range of if(?7) is 
invariant under all these operators. Thus the formula holds for the ultraweakly 
closed algebra of operators generated by all the and all the (poo (a), £, G -E and 
a e M. Thus the formula ([14]) holds for all X G H°°[E). See the discussion on 
page 384 of [llj and [IP, Corollary 2.14]. Equation ifTSj) follows from (fT4|) since 
K{ri) is an isometry. ■ 

Remark 13 Formula{TE\ gives another proof that the minimal isometric dilation 
of the representation of H°°{E) on H determined by rj in the open disc J}{E"') 
is an induced representation of H°°[E) acting on J-{E) ®aEl: X ^ X ® I 
Theorem 2.13]. 

The following theorem is our replacement for [TH Proposition 5.1]. It cap- 
tures more clearly the roles played by the various constructs. We let lh denote 
the embedding of H into T{E) ®„ H, and we write Ph for its adjoint. Also, p 
is the representation of H°°{E'^) defined in equation 

Theorem 14 For all ri e B{E'') and all X E H^{E), K{ri) = p{A{r]){I - 
Tri)~^)LH, and 

X{ri*) = K{T^)*{X®I)K{ri) 

= Php{A,{v){I - T„)-')nX /ff)p(A,(r,)(/ - T,)-'))iH 

= Ph{p{{I - T^)-y{IriE) A*{rif)p{{I - T^r^mX lH)iH. 
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Proof. Since Jjfcb) ® A^jy) = piA^r])) by [IH Theorem 3.9], it suffices to 
prove that C{'ri) = p{{I — T,j)^^)lh- Since (/ — T^)~^ = X^J^o-^^' suffices 
to note that for h £ H, p{T^)h = iKjj^rj ■ ■ -i^rj^h) — (/^»(„-i) ®77)(/£;»(r>-2) (g) 
rj) ■ ■ ■ {Ie <E) ri)rih ^ ri^"^h. ■ 

4 Characteristic Operator Functions and Canon- 
ical Models 

In fl2] we studied canonical models for representations of the Hardy algebras. 
So, given 77 e D{E'^), it makes sense and is of interest to investigate how the 
canonical model of the representation cr x 77* is related to the Poisson kernel 
K{-). We shall see that they are closely related. We fix 77 e 3{E'^) for the 
rest of this section and in the computations that follow, we write A, ~ A* (77), 
which recall is {Ih — ??*??)^^^, and we write A = A(?7) := {Ie^h — rjrj*)^^^ for 
the defect operators associated with rj* . Note that since r/ has norm strictly less 
than one, the operators A and A, are invertible. Therefore their ranges are all of 
E®H and H, respectively. Nevertheless, to be consistent with the literature, we 
continue to denote the range of A by I? and the range of A* by P*. We already 
have noted that A* commutes with a{M) and it is immediate that A commutes 
with (p{M) (g) Ih- The characteristic operator of 77* (or, of (77*, a)) is defined in 
[T2I Equation (12)] to be an operator 6^ : J^{E) ®pV T{E) ®p whose 
complete development need not be rehearsed here (in particular, the subscript 
p in the notation need not concern us) . We will give a different definition whose 
equivalence with the one in [12] will follow easily from the next lemma. It will 
have the advantage that it leads immediately to a matrix representation that is 
useful for our purposes. To simplify notation, we shall write 6,, for 6;^:. 

Lemma 15 For i — 1,2 let Ui he a faithful normal representation of M on the 
Hilhert space £i and let Y he a hounded linear transformation mapping J-{E) 
£1 ^{E) ®(T2 ^2- If Y intertwines a'^^^'' and cr^^'^-', then Y is completely 
determined by its values on E\. Conversely, given an operator Yq from £1 to 
J-{E) (X>o-2 ^2, the formula 



^(8)6 e ^{E) Ocri £1 defines a hounded operator Y : T[E) ®cri £1 ^{E) £2 
that intertwines a'^'^^^ and a^^^^ ■ 

Proof. The proof is immediate from Theorem [H The only thing that might 
be at issue is how to handle different spaces and different representations of M, 
{ai,£i), i = 1,2. One simply forms the direct sum of ci and 0-2 and induces that. 
Operators on the resulting space T{E) ^^{£^(^£2) ^ T{E) ®{£i)® T{E) ® {£2) 
have a 2 X 2 matrix representation, and operators that intertwine ai and 



F(C®e) = ^(g)Yoe, 
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To define the characteristic operator, Q^j, determined by an element rj G 
we note that the analysis found in \12\ pp. 429-430] shows that the 
operator 9jj defined on V by the formula, 

oo 

9r,d = -r)*d + {h ® A,)Ad + Y,ih ® A*)(/i ® ri'^''-'^^)Ad (16) 

k=2 

for d eV, is a bounded Hnear operator from T> to J-{E) (g)„ V^. 

Definition 16 For rj e E'^ , the characteristic operator determined by rj is the 
operator 8,, : J-{E) (E),^^i\'d 'D ^{E) ®a V^, defined by the formula 

e^{^(g)d) = ^®0^d, (17) 

fordeD andiciT{E). 

Our next objective is to prove the following theorem which is the principal 
result of this section. It was inspired in part by Popescu's analysis in [l6j and 
[I7j . See [m Theorem 3.2]. 

Theorem 17 For rj G I}{E'^), the Poisson kernel K{r/) and the characteristic 
operator Qri are related by the equation 

I = K{^)K{r^r + e,e; 

on T{E) ®„V^. 

Proof. With respect to the decompositions ^{E)®!) = 'D®E®'D®E'^'^®'D®. ■ ■ 
and T{E)(g)'D^ = V^®E®'D^®E®'^®'D^®. . ., 6,, can be written in a matricial 
form = (e^j),°°^^o where 9,^ : E®i (i)V ^ E®^ ®V^. It follows from ^ 
that, for i < j, Qij — 0. For i — j, we have Ojj — Ij ® {—i]*) s.nd, for 
i > j, Bij = Ij ® {li-j ® A*)(/i 77(*-^-^))A|X'. This enables us to write 
the matricial form of 6,,9* (with respect to the decomposition J^{E) (g) 2?, = 
© ® ® E®^ (g) ® . . .). We start with the diagonal entries. 

fe 

(e,e;)fc,fc = ^efe,eL = 

(=0 

k 

Ik ®7l*V+Yl ^fc-™ ® ® ® '7^'""'^)A'(/i ® r7*"-^^*)(/™ A,). 

m — 1 

But (/i(8)r7('"-i))A2(/i®?7('"-i)*) = (/i (gry(™-i')(/ij®H -?7ry*)(/i (gry(™-i)*) = 
h (g) _ ^(™)^(™)* and we get 

k 

(e^e;)fe,fc = 4 ® r,*?? + ^ h-m+i (im-i ® a,)??^'""'^??^'""'^* (/„.-! ® a,)- 

m—1 
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k 

^k-m ® {Im ® A,)77(")r;(")*(/„ A,) = h® v*V + 4 A*- 

m— 1 

(Ik A,)rj<-'''^rj^''>ih ® A,) = Ie^'-^h " (4 A,)?7W7/W*(/fc A,). 
Now, fix Z < fc. Then (6^9*)^^ = I]rn=o ©fe,™©/*m- When m = I we get 

efc,,e,*, = // ® ® A,)(/i ® 77('=-'-i))A(-7;) = 

-// ® ® A,)(/i ?7('=-'-i))77A* = ® {h-i A,)/;^^-') A*. 

For TO < efc,™e;*„ = 

A,)(/i ® i))A2(/i v^'-^~'^*)ili~m ^ A,). 

But (/i(X)?7(''"™"^^)A2(/i(g)77('-"-l)*) = /i(g)77('^-™-l)7y('-™-l)*~jy(fc-™)77('-™)*. 

Hence 

efc,™e,V = /,„ ® (/fe_„ ® A,)(/i r7^'=-'"-i)r;('-"-i)*)(/,_„ ® A,)- 
«) (/fe-m <8 A,)(/i ® r7*'=-")??('-™-)*)(/i-™ A,). 

Thus 

(e^e;)fe,; = -//(g)(/fc_i0A,)?7('=-')A,+//_i®(/fe_,+i®A*)(/i®?7('=-'))(/i(g)A,)- 

(4 ® A,)77('=)r,W*(/, ® A,) = -(4 ® A,)r;Wr;W*(/, ® A,). 

It is easy to check, using the definition of K{r]), that the matricial form of 

K{rf)K{'n)* is 

{K{r^)K{i^Y)kj = {Ik ® A,)r7W77(')*(/i A,) 

and we conclude 

e,e; + K{^)K{r,y = i. 

■ 

5 Point Evaluations on D(E) 

Recall from [TTl Theorem 3.6] that there is a natural isomorphism between E 
and {E^y, where l denotes the identity representation of cr(M)' on H. Thus 
we may identify E and [E'^Y and view elements of H°°(E'^) as functions on 
D(£'). This will help to shed some Hght on the relation between our work and 
[J and it will enable us to (anti)represent H°°{E) in the algebra of completely 
bounded maps on M , CB{M). For this purpose, we adopt the convention that 
when X £ H°°{E) and when we write XI, 1 is understood to be the identity 
of M viewed as a vector of T{E) = M ®E® .... SoXle r{E). We write 
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C(^) and K{S^), for ^ £ '0{E), using the obvious modifications of Definitions [6] 
andig and note that K{£) = (p^{A^)C{^) where A* = (/ - {^,0)^/'^. Also, we 
write Eo for the conditional expectation of H°°{E). This map is defined as $o 
on page 336 of [ll] . It picks off the zeroth coefficient of an element X G H°° [E) 
calculated with respect to the gauge automorphism group. 

Theorem 18 For i^n{E), and X G H°°{E), we define the map $^ : M 
M by the formula 

$l(a) = (C(e),^oo(a)Xl), (18) 

for all ae M. Then 

(1) For each a G M, <i>^(a) is the unique element of M such that 

[I - T*)-\^Ua)X - ^oo(<i>l(a))) G H^{E), 
where H^{E) := \J{T^X | ,f G X G H°°{E)} = H°°{E) n /fer(Eo). 

(2) We have 

XVoc(a)C(0 = ^oo(<i>l(a)*)C(0 

and, in particular, 

x*x(e) = <^oo($l(A*rA:i)x(o. 

So that K{^) is an eigenvector of X* (cf. Corollary 

(3) For each £, G IJ){E), the map is an algebra antihomomorphism 
from H°"{E) into CB{M). 

Proof. First note that, since ||^|| < 1, / — is an invertible operator on 
T{E) with inverse equal to / + T* + T*^ + ... We claim that for X G H^{E), 
{I + + T^^ + . . .){ip^{a)X ~ ipoo{^%{a))) lies in H§°{E). If X ^ Tg for some 
g G then 

(/ + + Tf + . . .){ipoo{a)X ~ ^oo($l(a))) = 

(/ + T| + Tf + . . .)(^oc (a)T<, - ^oo((^®", 
Note, too, that T*''Lp^{a)Tg = r^*^''~"Voo((^®", <y3„(a)g)), for k>n. Thus 

(/ + T* + Tf + . . .){ipUa)X - (^oo($l(a))) 

= ¥>oo(a)r<, +r^Voo(a)T3 +Tf (^oc(a)T3 + . . . + r;^"~'Voc(a)Tg G H^{E). 

(19) 

It follows that the result holds for all operators in a ultraweakly-dense subal- 
gebra of H°°{E). Since the map taking X G H°°(E) to $^(a) is ultraweakly- 
continuous, (/ + T* + T*^ + . . .){(poo{a)X - ^oo($l(a))) lies in H^{E) for all 
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X G H°°{E). To prove uniqueness we need to show that, if c G ipoo{M) satisfies 
(/-r£)-ic e H°°{E)o, then c = 0. But, since {I-T^y^c = (/+T|+r^*2_^. . .)c, 
this is clear and (1) follows. 

To prove (2), fix X G H°°{E), a G M and write Y for (/-r|)-i((^oo(a)^- 
(Poo($l(a))) (in Then ((^oo(a)^ - ifooi^iia)))* = Y*{I - T^). 

Since (/ - T^)C{C} = 1 G T{E), and Y G H^{E), we have (¥500(0)^ - 
V?oo(*l(a)))*C(C) = - T^)C(e) = 0. This, together with the observa- 

tion that if (^) = </'oo(A*)C(^), completes the proof of (2). 

Finally, note that the linearity of the map X <i>|. is obvious and antim- 
ultiplicativity follows from the computation ^^^(a) — {X*ipoa{a*)CiX), Zl) = 
(VPoo('&l(a)*)C(e),Zl) = <i>|($«,(a)). . 

Remark 19 (i) When we fix X and and let a — I ^ M , we find that '^^^{I) 
is very closely related to the concept of "left point evaluation" of X at £, 
that was defined for the special case of upper triangular operators in f3] and 
studied there and in subsequent papers by various authors. ( Compare 
Theorem 3.3] with Theorem \18\f l}). If one adopts the "reproducing kernel 
correspondence" point of view discussed in Remark\^ this indeed can be 
viewed as a point evaluation. Note, however, that the map X 1-^ <i>^ (/) is 
not multiplicative in general. (See also [13, Example 2.25]). 

(a) It follows from Theorem{TB\that, for each ^ G ©(-E), the kernel of the map 
X $^ is a two-sided ideal in II°°{E) . 

6 Curvature 

In this section we express the curvature invariant that we attached to completely 
positive maps on semifinite factors [9] in terms of the Poisson kernel. This 
provides a further connection between that work and the analysis by Popescu 
in [16] and the study by Arveson [2]. We suppose from now on that M is a 
semifinite factor and we fix a faithful normal semifinite trace t on M. We recall 
that once t is fixed, we may define a dimension for any representation and 
we can assign a natural trace to the commutant of the representation (cf. [U 
Definition 2.1]). Specifically, if cr is a normal representation of M on H, then 
there is a Hilbert space isometry u from H to L'^{M, t) (8)f^{N), where I?{M, r) 
is the L^-space canonically associated with t, i.e., the GNS-space, such that 
ucr(a) — \{a) ® l£2ijq^u, for all a G M, where A is the left representation of M 
on L'^{M,t). The range projection of u, e, lies in the commutant of A(M) (g) 
/£2(pj), which is p{M) (g) B(€^(N)), where p is the right (anti) representation of 
M on L'^{M,t). The usual trace on p{M) (g) ^(^^(N)) is r (g tr, where tr is 
the standard trace on B{£'^{N)), i.e., the one that assigns to each projection 
in i3(£^(N)) its rank. Then, while u and e are not unique, the Murray- von 
Neumann equivalence class of e in p{M) g) B{£'^{N)) is uniquely determined by 
a and so, therefore, r g) tr{e) G [0, 00] is unique. This number is called the 
dimension of H (or of a) as a module over M. We write this number dimcr H. 
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It will be important to remember, too, that the commutant of a{M) is spatially 
isomorphic to e{p[M) ® B{l'^{H)))e via u and so we can refer to the natural 
trace on a{M)' as the restriction oiT®tr to e{p{M)® B(i'^lfi)))e. We shall do 
this and we shall denote it by tr^(M)'- If -E is a T¥* -correspondence over M of 
the kind we have been studying, then the (left) dimension oi E is defined to be 
the dimension of the representation tp (S) I, representing M on E L'^(M,t). 
We denote this dimension by dim/(i?). (See [9], Definition 2.5].) 

An rj £ I]){E'^) defines a completely positive map P = P,, on cr(M)' via the 
formula P(a) = r]*{lE®a)'n, a £ ct(M)'. Alternatively, given the formula for the 
inner product in E'^ ^ P{a) = {-q, arj). And conversely, given a comple tely pos itive 
map P on a{M)' there a Ty*-correspondence E over M and an G D(£^'^) such 
that P = Pr,[8l Corollary 2.23]. 

Definition 20 Let E he a W* -correspondence over the von Neumann algebra 
M with dim;(i?) := d, and let a he a representation of M on the Hilbert space 
H. Then for rj e D^E"), the curvature of r/ is defined to be the curvature o/P^ 
in the sense of 19^ Definition 3.1], which is the limit 



and will be denoted «(??). 

The Hmit exists, as was shown in [Ql Theorem 3.3], where alternate formulas 
for K{f]) may also be found. The basis for the calculations we make here is the 
following lemma, whose proof may be assembled easily from [9]. 

Lemma 21 Let E and F be W* -correspondences over M and let a be normal 
representation of M on a Hilbert space H. Then 

1. dim;(i? ® F) — dim; E x dim; F. 



where ip denotes the left action of M on E. 

3. For all positive x in a^M)' , tr(^^p(^M)®iHy{-^E ® x) = tr„(My{x) ■ dim; E. 

4. dim^^^i^iE (g)a- H) = dim;(ii;) • dimo- H. 

Proof. The first assertion is proved as Corollary 2.8 in [9]. The second assertion 
is embedded in the proof of [H Proposition 2.12]. For the sake of clarity we 
repeat the saHent part of it here. Form the direct sum H ® [E ®cr H) and 
let a = (7 (B {p ® Ih) he the representation of M acting on this space. Then 



lim 



2. Ifrj^CeE'^, then 



tra(Af)'(C*??) = tr(^(M)®/„)'(?7C*) 



(20) 



the commutant of a{AI) is the set of all matrices of the form 



( 



a 



c 




where 
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a G cr(M)', d e {(p{M) ® Ih)', hip{x) ® Ih = cr{x)b and ca{x) = ip{x) Ihc 

a b 



for all X e M. Further, it is easy to see that tr^jM)' y ^ d ) ^ trcr(M)'(a) 
i^(v(M)0iH)'id)- Thus we find that 



tr, 



r(M)'(C m = tr£,(jl/)' I Q Q 1 



j U j j -t'^-w U ,y j i 



-^^^(Jl/)' 77C* ) ~ *'^(v(M)(»7ff)'('?C*)- 

The third assertion is [9l Lemma 2.7], and the last assertion follows from the 
third by taking x = Ih-* 

Let E and a be fixed, now, write d for dim; i?, and write Pm for the projection 
of :F(iJ) onto E'^'^. Also, write P<m for the sum X]fe<m^fc- Then it is evident 
from Lemma [21] that 

tr(^^(Af)®/^)'P™ ® Iff = dim(^^^/^) ®a H ^ rf™ dim,, i7. 



Theorem 22 //ry G D(i;'^), i/ien; 

1. If d:= dim; is finite, then 

Ek=o tr,(My[K{vY{Pk®lH)K{r^)] 

[{P<N <E) lH)(K{'n)K{r^)*){P<N (El Ih)] ,,,, 
"jv^oo ^i + d + d^ + ... + d^) ■ ^ > 

2. Ifd> 1, then 

, , tr,^My[K{vnPN®lH)K{7^)] 
''^'^> - N^lo d^ 

_ tr^^^UM)®iHy[{PN ® lH)K{T^)K{f^Y{PN ® Ih)] 

"jV™co d^ ■ ^ ' 

3. If d < I, and if dim^ H is finite or more generally if tr^i^My [Ih — P-q {Ih)) 
is finite, then tr(^^^(^M)0iHyi-^i''l)K{v)*) is finite and 

i^iv) = (1 - c?) • tr(v^{M)®i„y{K{ri)K{-q)*) 

^il-d)-tr,^My{K{v)*K{v))- (23) 

In particular, if \\r/\\ < 1 and d < 1, then k{vi) = {1 — d) ■ dimCT(i?) is 
independent off}. 
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Proof. By definition, 

and by definition of and equation (fTS)) . the numerator in the definition of 
K{ri) is X^s^o tr(T(M)' [K{r])*{Pk ® /i/)i4r(77)]. This proves the equaUty of the first 
two terms in equation ((211) • The equality of the third term with the first two 
is immediate from equation (|20l) in Lemma ED (when J-{E) is used in place of 
E). For the second equation, write the sum J2k=o tr<T(M)' [K{r])*{Pk'SilH)K{r])] 
as trc;(^M)'[K{'q)* {P<N "X) Ih)K{i])], then the two numerators in equation l(22l) 

are the same by Lemma [2TJ But limjv^oo ^'=='' ^"^"(^i^^^^^^Jif. ■'"^^''■'^ = 

hmAT^oo — — jN and 

tT^^^(^M)mHy[iP<N ® lHKK{rj)K{7jr){P<N ^ Ih)] 
j.^ tri^^iM)(si„y[{PN ® lH)K{r))Kir])*{PN ^ Ih)] 

using [21 Lemma 3.2] (first noted in |16( Page 280]) and the arguments from 
the proof of [Ql Theorem 3.3]. This proves equation l(22|) . Finally, for equation 
l(23|) . observe that when d < 1 and tTcr(M)'{lH — Pri{lH)) < oo, the argument 
in the last paragraph of the proof of Theorem 3.3] shows that the traces 
i^a(M)' {Ih — Pjf (Ih)) increase to a finite limit. Since each of these traces equals 
tr(^^(M)(siHy[iP<N~i'»lH)iK{r])K{r])*){P<N-i(E>lH)] by LemmaEU the nor- 
mality of the trace, tr(y^(M)07„)', implies that ti(^^(M)(g)iHyi^iv)K{r])*) < 
oo. As in the proof of [H Theorem 3.3], the proof of equation l|23l) is immedi- 
ate from the definition of ^(ry), the formula for the partial sums of a geometric 
series, and the fact that d < 1. m 

Our final goal is to relate the curvature, «(??), with the trace of the "curvature 
operator" naturally associated to rj. To define this operator, we need to say a 
bit more about the induced covariant representations of E, Definition |4l Recall 
that it is {V, </?oo ® Ih), where V : E ^ B{T{E) ®„ H) is defined by the formula 
V(^) = T^®Ih- The associated map V : E®T{E)®^H T{E)(i,„H is "simply 
multiplication": V{£, ®{r]® h)) = {£,®rf)®h. As we remarked earher, while this 
map looks Hke the identity embedding of X^fcli -^^'^ ® P^ iiito T{E) ®cr H, there 
is, in fact, a shift involved. Specifically, if Pfe is the projection oiT{E) onto the 
summand E"^^ , then a simple calculation shows that 

V{Ie ® {P, ® Ih)) = (Pfc+i Ih)V (24) 

(see [21 Corollary 2.4].) Alternatively, we may say that V^*is a coisometric map 
in E^'^'^^" . We shall write Vq := Ij={e)^^h and recursively define Vfe+i := 
V{Ie ® Vfc). The map V induces a non-unital endomorphism of {i^^iM) ® Ih)' 
by the formula <^v{X) = V{Ie ® X)V* and the powers of <i>y are given by 
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the formula = V;(/ij»" (S) X)V*^ Lemma 2.3]I1 We also define 5v : 

{ip^{M)^lH)' {ip^{M)®Ih)' by the formula := X-$y(X) and we 

define N X^felo d~^{Pk ® Ih), where, recall, d — dim; E. Thus (5y, and 
iV are analogues of Popescu's operators, (j)s0i, ds^i and N, defined on pages 
271 and 272 of p]. Note that N is bounded only when d > 1. 

Definition 23 For rj e D(i?°'), the curvature operator determined by rj is de- 
fined to be 

Sv[K{r])K{rjy]N. 
Our goal is to prove the following analogue of [HI Theorem 2.3]. 
Theorem 24 // d := dim; E>1, then for -q G W^EF) , 

k{v) = tnvo.{M}'»iHy{Sv[K{ri)K{7])*]N}. 

Proof. We begin by proving an analogue of \T6[ Theorem 1.1]. For Y G 

(^^(M) ® /if)', Er=o -^viSviY)) = Er=o VkilE^^ Y)V: - V1.+1 » 
i^)^^^! = - Kn+i(/£;<8™+i (8) 5^)^^+! • Since (T^, (poo O is an induced 
representation in the sense of [H Page 854], [71 Corollary 2.10] implies that the 
ultra-strong limit, lim„^oo V;(/s®" y)^„* = 0. Thus Y = J2Zo '^vi^viY)), 
where the convergence is in the ultra-strong topology. Thus for each to > 0, we 
have on the basis of equation , 

(P^ lH)YiPm ® Ih) = J2(Pm ® Sv{Y))VC{P„^ Ih) 

k>0 

= Vkilsex' «) Pm-k ® Ih){Ie»>' ® 5v{Y)){Ie»>' ® Pm~k ® Ih)VC 

k>0 

m 

= MIe^^ ® {Pm-k ® lH)Sy{Y){P,n-k ® Ih))V:- 

k=0 

Thus, since tr(;^^(M)®7„)'restricts to tr(<^^(M)«,/a)' on (P^ (g) Ih){^oo{M) ® 
InYiPm <8> /ff ), we see that for any operator Y that has finite trace calculated 
with respect to tr(^^p iM)^iH)' ^^"^ ^'^^ positive operator Y in {tf^(M)®lH)', 

tr(<^^(M)(»7„)'((^ni ® lH)Y{P,n ® Ih)) 

m 

= Y^'^(v„MmiHY{^k{lE9'' ® {Pm-k ® lH)Sy{Y){P„i^k ® lH)Vk) 
k=0 
m 

= Xl*^('^fe(*^)®-fB<8("-'=)»ff)''^-^^^®" ® ® -^H)'5y(>")(/'m-fc ® Ih)) 

fc=0 

m 
/c=0 

■'it may be helpful to keep in mind that expressions like Ie ®ij X need not represent 
bounded operators unless X is a (bounded) operator in the commutant of cr{M). That is why 
the formula for does not make sense unless the argument is from (ipoo{M) (ED Ih)' ■ 
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We can pass from the first line in this equation to the second and eliminate the 
Vk, since they simply identify E'^'' (g) ® H) with S®" <E) H, and in 

so doing transform the trace on {(f^{M) (g) Ih)', tT(^^ {m)0Ih)'^ to the trace on 
((^j.(M) (g) j£;»(,„-fc)^^)', tr(<^jM)(8./^g,(„_^)^^)'- The passage to the last line is 
justified by part 3. of Lemma [211 Here, ipk plays the role of ip in the lemma, 
while ipm-k ® Ih plays the role of a. Also, of course, part 1. of that lemma 
guarantees that dim; E^'^ — . So, if we divide the equation by c?™ and then 
change variables in the last sum, m — fc — > /c, we conclude that 

^Hv^{M)®lHy{{P^®lH)Y{Pm®lH)) 

k=0 

m 

m 

= t^^^^M)^i„y{Sv{Y){J2{Pk lH)d-'')). (25) 

k=0 

The passage from the first line to the second simply refiects the properties of the 
trace and the fact that tr(y^(M)(87„)' restricts to tr(^^(M)(87„)' on Pk{(poo{M)® 
InYPk- Equation l|25p is an analogue of Popescu's equation (1.4) in p2]- If 
d > 1, and if we replace Y by K{r/)K{r])* in equation l(25|) . then we may take 
the limit as m ^ cx). The left hand side tends to ^(77) by Theorem [22l (equation 
l(22|) ). while the right hand side tends to tT(^^^(^M)®iH)'{^v[K{v)I^{v)*]^}- 
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